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ãy*�Ý
M, �Õ^Ý���
è{, ¨*Ý�Õ^NJÖ�|�§ó
û0#�î�Í¼���Õ��. ¬Î�Ñ�Õ^Ý�Õ>�b9", ¸©
�µï¯�H4?Ý¼��Æ�, P°��'��X®ÞÝ&Ë]°. .h
��¿à�Õ^��X®Þ, Ä6'��Xh®ÞÝ�P.

'��P�G, ��b�X®ÞÝ]°, T§��Õ°. tÝ�Õ°�
², £]Ý�îõ;DÝ]°ôÎ�¥�Ý. 9�.®§�£]�x. ?Ý
£]�x�|]-&ËE®, ¸�Õ°?��, ?">. £]�xõ�Õ°
�|1Î�P'�Ý§¡Ã�.

&ÆÞà@»¼1�£]�xõ�Õ°Ý'�, 9°»��À: �»8
t°, ã^��ÕÏ�¿, ¨´, 4�, �&aP]�PÝq, �aP]�P
à, �.

�P'�?�¡, ��b_Ë Þ9°�P�ËW�Õ^�|Æ�Ý^
 +�. &ÆÞàv« PASCAL Ý+�¼à��Õ°. u¸à PASCAL _
Ë , J��|Þ9°»�¶W PASCAL �P. uóà½Ý_Ë , ô��
|Þ9°�Õ°»ðW�+�Ý�P.

2 ���ÕÕÕ°°°���+++

�Õ°zZ§� algorithm, µï Webster CÎÝ�L, �Õ°µÎ:

any special method of sloving a certain kind of problem.
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��21, �Õ°µÎãíá£]Oÿí�£]Ý]°. »AOËÍÑJó
a õ b Ýt�2Vó�|à�»8t°. .h, &ÆÌ�»8t°
OËÍ
ÑJó a õ b Ýt�2VóÝ�Õ°. &Æ�|Þ�Õ°Ú
×à�ÕM
», NÍM»X�Ý¯Äm&ð�@. !`E�×àíá£], 9Í�Õ°
Ä63Æ�b§ÍM»�¡ÿÕ�n. &Æ�à�»8t°
», +Û�Õ
°Ý'�õ5�.

�»8t° (Euclid Method) Î×ÍOÿËÑJóÝt�2VóÝ�Õ
°. Í]°
: ����ËÑJó a õ b, u a �� b Jt, J a, b ËóÝt
�2VóµÎ b. u��� b Jt, J�O� a t| b Ýõó r. a õ b Ý
t�2Vóµ�y b õ r Ýt�2Vó, ùÇ| b ã� a, | r ã� b D«
Æ�|îÝ�Õ, àÕõó
 0 `�c.

|îÝZC1�, �GÃ�, �vº.
�Q+�Ý�@�P, ��º®
ß�!Ý�ÕÝ�µ. .h�Õ°;ð�à×�ÝZC¼1�. |G´ðà
¼�î�Õ°Ý]°Îø�%, |�»8t°
», Íø�%�|à% 1 ¼
�î. �
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Figure 1: �»8t°ø�%
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ã% 1 Ýø�%�|:�, NÍ�Õ°Kb×Íü���Ý2], �v
N×ÍM»X�Ý¯�Ä6���@.

th�², E�×Í)°Ýíá£], h�Õ°Ä6�3b§Ý�ÕM
»�@. |�»8t°
», r Î a t| b Ýõó, .hÍÂÄ
Ñó�v
�y b. ôµÎ1N�×g�Õ a t| b Ýõó r Ý`Î, r ÝÂº÷¼÷
�, ¬×�º�yT�y 0. ãh�á, BÄb§góÝ�Õ�¡ r ÝÂÄ
º�y 0. 	Qm��Õ9KgÎõ a � b ÝÂbnÝ, ¬Î�Ñ a õ b �
Â
¢, BÄD«ºÕ�¡h�Õ°Ä�º��t�2Vó, ��@ºÕ.

À�, ×ÍÑ@Ý�Õ°Äm�bì�©P:

1. NÍ�ÕM»Äm��@.

2. E�×)°Ýíá£], Äm�3b§Ý�ÕM»O��n.

�Õ°tÝÄmÐ)î�ÝËÍf��², Ey�Õ°Í�Ýà�ôT�
Îb§Ý. ôµÎ1, ©�àb§ÍZCTÐr¼à��Õ°.

ãy�Õ°NÍM»Ý@�P, Ey�×Í)°Ýíá£], Í�Õ�
¼Ý��×�Î°×Ý. .h�|Þ�Õ°:W
×ÍÐó. hÐóÝ�L
½µÎXb)°íá£]XWÝ/), E�×)°Ýíá£], ÍXETÝ
ÐóÂµÎh�Õ°|híá£]X�ÕÿÕÝ��.

�¥�, �È��ÕÝÐó, Í�L½�Â½Ý-ôKÄm�Èàb§
ÍÐr¼�î. »A, uàè
��ó¼�î 1/3 Jm�bPM9Í�ó.

¬Î 1/3 �|àËÍó p = 1 õ q = 3 ¼�î. ¬E�×@ó��hFÎ
��ÕÝ, .h&Æ§×3D¡JóÝÐó. ¯@î, XbÝ@ó�Õ3�
Õ^�KP°Æ�, ©�ãÍ�«Â��!

;ð�Õ°Î'�¼�X“!×vl”Ý®Þ, .h)°Ýíá£]b
P§9à. �Õ°�!©jEØ°©»¼'�. »A�×-Þg]�P
ax2 + bx + c = 0 ÝqÝ�Õ°Ämb�æ�§�¢ a, b, c �Â, ��!©
jE 2x2 + 5y + 3 = 0 �'��Õ°.

�Ä, 
Ý��R�, b`ÎôºEíáÝ£]�×°§×. »A, �|
§×9Í�P©� ax2 + bx + c = 0 � b2 − 4ac ≥ 0 Ý��, ���ÊbÌ
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óqÝ�µ. À�, 3'��Õ°�G, Äm�.®Þ�Lz½. Q¡�q
A®Þ¼'��Õ°.

�Õ°ÝNÍM»Ä6��@. 3§¡î, &Æ��àó.Ý]°�L
�Õ^. Q¡, &Æµ�|1, ×Í�@ÝM»µÎ¼�Õ^�ÈÆ�Ýú
�. &Æ�;Ý9ÍM», µ|¨bÝ�Õ^, »A: Íßé\Tøùé\K
�|, �
&ÆÝ�Õ^ó.ÿl. �Ä, ;ð&Æ�Îà�Õ^Ý^ +
�¼ã¶�P, �v¸àà)+�Ý^ºô÷¼÷KÝ. &Æô�|óàØ
×Ë{$+�, »A PASCAL, C, BASIC, FORTRAN, �, �
&ÆÝ�Õ
^ó.ÿl. ×Í�@ÝM»µÎ9Í+�X�È�¾ÝºÕ. ¬Î9°+
�Ý+°3à¼à��Õ°Ý`¡, ô&ºÆÿH�ÓÝ, 3�º®ß��
Ý�µì, à�Q+�¼à��Õ°, ôÎ�|�#åÝ. |�»8t°O
ËÍJJó a õ b Ýt�2.ó
», 1�A% 2.

íííááá: ÑJó a õ b.

ííí���: a õ b Ýt�2.ó, c.

]]]°°°:

1. \á a õ b

2. �Õ a t| b Ýõó r

3. u r = 0 J c = b; �@

4. a = b

5. b = r

6. /ÕÏ 2 M

Figure 2: �»8t°OËÍÑJó a õ b Ýt�2.ó c

|Gðàø�%¼�î�Õ°. àø�%¼�î�Õ°�|z½Ý:�
JÍ�Õ°Ý�Õ��. ×Í�ÓÝºÕ���|àø�%¼�î. ¬Î,

'�×Í�Õ°Ý`Î, �T�Õ���x;. �Õ���ÓÝ�Õ°´�
�|\U, �Ñ;ô���×ÿ���, ��|ìW. .h, �Õ°Ý�×�
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xT��;. ÃÍî, ì�Ý�×�xÎÄmÝ:

1. 5�ºÕ
ÇÏ×ÍM»���¡�ÏÞÍM», ÏÞÍM»��¡�ÏëÍM
», ��.

2. if C1 then S1 else S2 ;

�¾\ C1 ÎÍÑ@, uÎÑ@JÆ� S1, ÍJÆ� S2 .

3. while C1 do S1 end

¾\ C1 ÎÍ
Ñ@, uÎÑ@ÇÆ� S1, �v���¡�/�¾\
C1 ÎÍÑ@, uÎÑ@J�Æ� S1. AhD«Æ�, àÕ C1 
�Ñ
@`Ç�c. 3 S1 �T�ºbÊ	Ý�Õ¸ÿ C1 º.
Æ� S1 �
;�ÍÑ@�Í, ÍJµºCWPMÝ]º.

à|îëË�×�x, ¼à��»8t°, ÇÿÕA% 3 ��Õ°:

íííááá: ÑJó a õ b.

ííí���: a õ b Ýt�2.ó, c.

]]]°°°:

\á a õ b;

r = 1;

while r 6= 0 do begin

�Õ a t| b Ýõó r;

a = b;

b = r;

end;

c = a;

Figure 3: �»8t°
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4Q©bëË�!Ý�×�x, ¬ÎBÄD«Ý¸à, �|'��&Ë
�ÓÝ�Õ]°. �vô�|ß�Xb�Õ^�Æ�Ý�PK�|¿àî
«ëË�×�x¼à�.

|îëË�×�x
tÃÍÝ�×�x, b°�P+�, »A C C
PASCAL èºv«î�ëË�×�x. A��Õ°Îãî�ëË�×�x
¼à�, �vóà C TÎ PASCAL +�, Jã¶�P`©���î£]�
xÝà�-�|Þ�Õ°»ðW�P. uÎóà½Ý+�, »A 1977 O|
GÝ FORTRAN, J.
�ÌÝ FORTRAN ¬^bà#èº9°�×�
x, .hã¶�P`�m�×°»ðÝ�®.


Ý]-R�, b`Î&Æôº¦�×°Í�Ý�×�x¼à��Õ°,

9°±¦�Ý�×�xK�||î�ëËÃÍ�×�x�;¶.

3 £££]]]ÝÝÝ���îîî]]]°°°

XbÝ��§Ý£]K�|ØË�P;D3�Õ^ÝB7��. B7�Ý
t��-Î bit, N× bit ©��� 0 T 1, .h©�B�ËË�!Ý£].

;ðÞ 8 Í bit /3×R, W
 byte. N×Í byte .
b 8 Í bit, �|S
� 256 Ë�!Ý£]. zZ��¶CÒ, �îýFÐr, ºÕÐr, ���º
øÄ 256 Í, .hðà×Í byte ¼�î. ¬Î�ZCb?¿0Í, µ�àÞ
Í byte, Tï?9Í byte ¼�î.

|î1ÝÎZCÝ�î]°. óC3�Õ^�;ðà 4 Í byte, 8 Í
byte, Tï?9Í byte ¼�î, �vJó, �ó&b�!Ý�î]P, '�
�PÝ`ÎÄ6�¥�, ��Þ¸Æ��.

ÑJóÝ�î]°f´��. ãyN× bit �È�� 0 T 1, ÞJ
ó;WÞ
�óµ�|Ý. .h, 4 Í byte ÝÑJót�Î 0, t�Î
232 − 1 = 4294967295. uhó�È�, b°`Î�|¸à 8 Í byte, t
�ÝÂµ�|Õ 264 − 1 = 18446744073709551615. A���§Ýóf
18446744073709551615 ��, µ���àÍ�Ý]°¼�§.

Jó.
bÑb�, ��©;WÞ
�¼�î. ¸Ý�î]°b�9Ë,

f´ðàÝÎ�ó°. Ñó`, ¸õÑJóÝ�î°8!, �ó`, �'hó
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 x, Jà 2m + x + 1 ¼�î x, Í� m Î×�b¿Í bit ¼�î9Íó.

¥�àh°X�îÝóÄ6+y −2m−1 õ 2m−1 − 1 � ÝJó. t{ bit


 1 ÝÎ�ó. �óô�|�:WÑó, �Þ 0 � 1, 1 � 0, t¡�� 1 ¼
�W.

@ó3�Õ^�ÎP°�îÝ, ©��îb§�óÝ�ó. ó�×ÍÃ
9 β, ;ð β = 2k, »A β = 2 T β = 16. �'h�ó
 x. �Þ x �îW
±y · βα, Í� y 
+y 0 � 1 � Ýó. .h, �ó
 x �5WëÍI5¼
;D. ;ð�;DÑ�r, �;D α, �;D y. Ñ�rà 0 �îÑ, 1 �î
�, ©�×Í bit. à9KÍ bit ¼;D α õ y 3�!Ý^ î�¼8!, X
|��îÝóÂP�ô�×ø.

|îX1ÝÎÃÍÝ£], �I	¨*�Õ^Ý{�K�|èº9°Ã
Í£]Ý;DõºÕ. A���§Ý£]¬�Î9°ÃÍ£], µ�ê8�
¼�W. »A: �ó�|àËÍ@ó (x, y) ¼�î, Í� x ��@I y ��
ÌI. .h, 3�Õ^��|àËÍ�ó¼�î@óÝ�«Â. ãy�óÝ
;DõºÕ¬&ã�Õ^Ý{�à#èº, ��óÝºÕµ�ê8�¼�
W. ôµÎ1, N×Í@óÝºÕK��
�¶×ð�P¼�. 9ø�Gf
´jì, �v�ÕÝ>�ôf´X. �Ä, b°Ý
óÂ�Õ�'�Ý_Ë
 , A FORTRAN �|èº�óÝ£]lV, 3¶�PÝ`Î�|à#Þ
�ó:WÎ×�Ýó¼�§. 9ø4Q3h¶�PÝ`Îf´]-, ¬Î¸
ÝºÕ�Î�ê8�¼Æ�, >�XÝ®ÞP°.h�;�.

¨3ø�Ý object-oriented programming �|Þ�¢×Í��§Ý£
],»A:^�,õ�§Ý]°,»A:�Õh^�ÎÏ�¿,Ú
×Í object,

9ø�|?]-ã¶�P. ¬Î, 9¬��î&Æ�m�.ê£]�x,

object-oriented programming ©�èº&Æ×Í??Ý�Ì, Þ&Æ'�?
Ý£]�xõ�Õ]°|??Ý]P¼�§.

4 OOOõõõóóó������ÕÕÕÏÏÏ���¿¿¿

��×Í^�, ®¯ÎÏ�¿, ¯º/�[? ¨3¯&Æ¼.ê�ÕÏ�¿
Ý]°. 39�G, &Æ�+Û×°Ðr.
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1. x ≡ y (mod n) �î x õ y t| n ÝõóÎ8!Ý. ô�|1, x− y

�È� n Jt.

2. x mod n = r �î xt| nÝõóÎ r. ôµÎ1, x mod nÎO xt
| n Ýõó.

3. bxc ����y x �t�Jó, »A: b3.2c = 3, b6.9c = 6, b9c = 9. 	
x ÝÂÎ�óÝ`Î�¥�, b−1.25c = −2, �Î −1.

&Æ��Ê`	õ^�. uá¼N`Ï×FÎÏ�¿, µ�|.ÿ	`
Ý�¢×FÎÏ�¿. &Æ�:N`×^ÎÏ�¿Ý�;��. ×`b 31

F, 31 mod 7 = 3, &Æ�|.ÿÞ`×^ÝÏ�Î×`×^ÝÏ�� 3. ¿
OÝÞ`b 28 F, 28 mod 7 = 0, &Æ�|.ÿë`×^ÝÏ�õÞ`×^
ÝÏ�Î×øÝ. ë`b 31 F, 31 mod 7 = 3, &Æ�|.ÿ°`×^ÝÏ
�Îë`×^ÝÏ�� 3. °`b 30 F, 30 mod 7 = 2, &Æ�|.ÿ"`
×^ÝÏ�Î°`×^ÝÏ�� 2. µhv., &Æ�|�ñ×Í�, ¼D
9°Â. ¬Î, &Æ��9ø�, &Æ�0×ÍÐó, �|ã	OÝÏ×F.
ÿ	ONÍ`Ï×FT�ÎÏ�¿.

ãy�OÝÞ`b 29 F, &ÆÞ`	¥4, ÞÞ`4Õt¡«, |]-
�Õ. � m = 1 ��ë`, m = 2 ��°`, m = 3 ��"`, m = 4 ��
0`, m = 5 ��Ú`, m = 6 ��â`, m = 7 ��Ü`, m = 8 ��è`,

m = 9 ��è×`, m = 10 ��èÞ`, m = 11 ��gO×`, m = 12 �
�gOÞ`. &Æs¨,

f(m) = b(13m− 1)/5c − 2

â?���.�Ê`	m�îÝFó, A% 4 Xî.

bÝ f(m) = b(13m− 1)/5c �¡, µ��|�Õ	O�Ø^ÝÏ�. »
A, 2000 O 3 ` 1 ^ ÎÏ� 3, .h, 2000 O m + 2 ` d ^ÝÏ��|à
ì�2P¼�Õ.

{2 + d + b(13m− 1)/5c − 2} mod 7

îP�, 2 + d Î��2000 O 3 ` 1 ^ÎÏ� 3. Ü¿Í»�¼��::
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m ÝÂ `	 Fó f(m) f(m)− f(m− 1)
m = 1 ë` 31 0
m = 2 °` 30 3 3
m = 3 "` 31 5 2
m = 4 0` 30 8 3
m = 5 Ú` 31 10 2
m = 6 â` 31 13 3
m = 7 Ü` 30 16 3
m = 8 è` 31 18 2
m = 9 è×` 30 21 3

m = 10 èÞ` 31 23 2
m = 11 gO×` 31 26 3
m = 12 gOÞ` 28/29 29 3

Figure 4: f(m) = b(13m− 1)/5c − 2

1. 2000 O 8 ` 1 ^, m = 6, d = 1.

{2 + 1 + b(13(6)− 1)/5c − 2} mod 7

= {b15.4c+ 1} mod 7

= {15 + 1} mod 7

= 16 mod 7 = 2.

.h, 2000 O 8 ` 1 ^ÎÏ� 2.

2. 2000 O 3 ` 29 ^, m = 1, d = 29.

{2 + 29 + b(13(1)− 1)/5c − 2} mod 7

= {b2.6c+ 29} mod 7

= {2 + 29} mod 7

= 31 mod 7 = 3.

.h, 2000 O 3 ` 29 ^ÎÏ� 3.

3. 2000 O 9 ` 28 ^, m = 7, d = 28.

{2 + 28 + b(13(7)− 1)/5c − 2} mod 7

9



= {b18c+ 28} mod 7

= {18 + 28} mod 7

= 46 mod 7 = 4.

.h, 2000 O 9 ` 28 ^ÎÏ� 4.

�b, 2001 O 1 `õ 2 `�Ý^�ô�|àî�Ý2P¼�ÕÏ�¿.

1. 2001 O 1 ` 1 ^, m = 11, d = 1.

{2 + 1 + b(13(11)− 1)/5c − 2} mod 7

= {b28.4c+ 1} mod 7

= {28 + 1} mod 7

= 29 mod 7 = 1.

.h, 2001 O 1 ` 1 ^ÎÏ� 1.

2. 2001 O 2 ` 18 ^, m = 12, d = 18.

{2 + 18 + b(13(12)− 1)/5c − 2} mod 7

= {b31c+ 18} mod 7

= {31 + 18} mod 7

= 49 mod 7 = 0.

.h, 2001 O 2 ` 18 ^ÎÏ� 0, ôµÎÏ�^.

ã|îÝ»��|ÿÕ×Í�¡, ©�ÞNOÝ 3 ` 1 ^ÎÏ�¿%®
W×Í�, µ�|�ÕØOØ`Ø^ÎÏ�¿. ¬Î, �A¯Ý�P��È
�Õ�9ÝO	, 9Í�µº��. �v, A¢X�ØOÝ 3 ` 1 ^ÎÏ�
¿ôÎ®Þ. &ÆÄ6´0??Ý]°.

¿Ob 365 F, 365 ≡ 1 mod 7 .h.ÿgO!×FÝÏ�º� 1. �O
b 366 F, 366 ≡ 2 mod 7 .h.ÿgO!×FÝÏ�º� 2. �OÝ!J
Î: 2-Oó�È� 4 Jt¬Î��� 100 JtÝ
�O, Íõ
¿O, ¬
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Î2-Oó�È� 400 JtÝôÎ�O. &ÆÞ2-Oó5WËI5, �
' c 
tSó, y 
2-Oó�ÏÞ�ó. �'2- 1600 O 3 ` 1 ^, Ç
c = 16, y = 0, m = 1, d = 1, 
Ï� t. � g(c, y) =

{t + (100c + y − 1600) + b(100c + y − 1600)/4c − b3(c− 15)/4c} mod 7

J g(c, y) �î2- 1600 O�¡, 100c + y O 3 ` 1 ^ÝÏ�. 
Ý]-�
ÕR�, �|Þ g(c, y) ;�


g(c, y) = {t− 2c + bc/4c+ y + by/4c} mod 7

îP;�Ä��, àÕ −b3(c− 15)/4c = −bc− 11− c/4− 1/4c = 11− c−
b−(c + 1)/4c = 11− c + bc/4c+ 1.

á)O, `, ^�¡, Ï�Ý�Õ2P
:

{t− 2c + bc/4c+ y + by/4c+ d + b(13m− 1)/5c − 2} mod 7

3îP�, t ÝÂ$ÎX�. �� 1600 OÝ^K«{���. ¬Î, &Æ�
|à 2000 O 3 ` 1 ^ÎÏ� 3 ¼.Õ t ÝÂ. Þ c = 20, y = 0, m = 1,

d = 1, �á,

t− 2(20) + b20/4c+ 0 + b0/4c+ b(13(1)− 1)/5c − 2 + 1

= t− 40 + 5 + b2.4c − 1

= t− 34

ã t − 34 ≡ 3 (mod 7) ÿÕ t ≡ 3 + 34 (mod 7), ôµÎ1, t = 2. t¡,

ãO, `, ^, ¼�ÕÏ�Ý2P
:

{d− 2c + bc/4c+ y + by/4c+ b(13m− 1)/5c} mod 7

Ü 2000 O 10 ` 10 ^
», Þ c = 20, y = 0, m = 8, d = 10, ñáÿ

10− 2(20) + b20/4c+ 0 + b0/4c+ b(13(8)− 1)/5c

= 10− 40 + 5 + b20.6c

= −5,
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−5 mod 7 = 2, X|2000 O 10 ` 10 ^ÎÏ� 2. 3Ü 2001 O 1 ` 1 ^

», Þ c = 20, y = 0, m = 11, d = 1, ñáÿ

1− 2(20) + b20/4c+ 0 + b0/4c+ b(13(11)− 1)/5c

= 1− 40 + 5 + b28.4c

= −6,

−6 mod 7 = 1, X| 2001 O 1 ` 1 ^ÎÏ� 1.

qAî«Ý2P, ã^��ÕÏ�¿Ý�Õ°A 5.

íííááá: O Y ` M ^ D.

ííí���: w, Y O M ` D ^ÝÏ�.

]]]°°°:

\á y, m, õ d;

y = Y ; m = M − 2; d = D;

if m < 0 then begin

y = y − 1; m = m + 12;

end;

c = y/100; y = y mod 100;

w = {d− 2c + bc/4c+ y + by/4c+ b(13m− 1)/5c} mod 7;

if w < 0 then w = w + 7;

Figure 5: ã^��ÕÏ�¿

¥�, àî�Ý2P�ÕÏ�¿`, 3 20 tSG¡K^b®Þ. ¬Î3
�Õ´
��Ý^�`, Ä6�ÊÕK°�?ÝÝ®Þ. »A, 1752 OÝ 9

`©b 19 F, Í� 9 ` 3 ^Õ 9 ` 13 ^��Ý. 2¦Ý�»NFX�V
û5�×J, ¨3&Æ¸àÝ]°Î¦��J¼�J. 1��ÄÝ�ÈðÝ
` �¡, m��J�OÝ�Õ]P, T¸àÍ�ÝK°ô1��. ¬Î9
Í2P�K�|¸àÕ¿ÍtS�¡Î^b®ÞÝ.
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5 &&&aaaPPP]]]���PPPÝÝÝ���°°°

¨3�Ê×- n gÝ]�P f(x), u n = 1, J f(x) = ax + b, O f(x) = 0

Ýq��|, Ç x = − b

a
. 	 n = 2 Ý`Î, f(x) = ax2 + bx + c, Í f(x) = 0

�q
 x =
−b±

√
b2 − 4ac

2a
, ô
��X!�. ¬	 n ��`, TÎ f(x)

�Î x Ý94P`, f(x) = 0 Ýqµ�W´pOÿ. |ì&ÆÞ"DA¢à
&Ë�Õ]°, Oÿ f(x) = 0 ÝqÝ�«�.

5.1 Bisection Method (���555°°°)

�5°Ýæ§Î: A� f(x) 3 [a, b] � =�v f(a) · f(b) ≤ 0, J3 [a, b]

� Äb f(x) = 0 Ýq. | f(x) = x3 − x − 1 
» f(1) = −1, f(2) = 5,

.hÄb×qa3 [1, 2] ��. uã 1 � 2 ��F 1.5, �Õ f(1.5) = 0.875,

.h&Æ�|.¡Äb×qa3 [1, 1.5] ��. �ã 1 � 1.5 ��F 1.25,

�Õ f(1.25) = −0.296, .h&Æ�|.¡Äb×qa3 [1.25, 1.5]   �
�. AhD«�Õ, àÕ f(x) �qX3�  �B�Õ&ÆXm�ÝÞ@
�
c. ã|î�1�, �|ÿÕA% 6 Ý�Õ°:

íííááá: [a, b]   , 3 [a, b]   
=�ÝÐó f(x) v f(a) · f(b) ≤ 0, |C
Þ@� ε > 0

ííí���: [a, b] ��  [x, y] �â f(x) �q, v y − x ≤ ε

]]]°°°:

x = a; y = b;

while y − x > ε do begin

m = (y − x)/2;

if f(x) · f(m) ≤ 0 then y = m else x = m;

end;

Figure 6: Bisection Method
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5.2 Newton’s method (pppñññ°°°)

ã f(x) %�îÝËF, (xn−2, f(xn−2) õ (xn−1, f(xn−1). ;Ä9ËF, �×
fa, haÌ
va. hva� x-�ÝøF xn �|ãì�2P�Õ:

xn =
f(xn−1)xn−2 − f(xn−2)xn−1

f(xn−1)− f(xn−2)

uÞ�Õ xn Ý]°;¶×ì:

xn = xn−1 − f(xn−1) ·
xn−1 − xn−2

f(xn−1)− f(xn−2)

= xn−1 −
f(xn−1)

f(xn−1)− f(xn−2)

xn−1 − xn−2

Í� f(xn−1)− f(xn−2)

xn−1 − xn−2

ÎvaÝE£, ôµÎ;Ä (xn−2, f(xn−2)) õ

(xn−1, f(xn−1)) ËFÝàaÝE£, � xn Ç
hva�U�ÝøF.

	 xn−1 õ xn−2 �#�, ùÇ |xn−1 − xn−2| = 0 `,
f(xn−1)− f(xn−2)

xn−1 − xn−2

�|à f ′(xn−1) ¼��, .h,

xn = xn−1 −
f(xn−1)

f ′(xn−1)

hÇ
pñ°, Í�Õ°A% 7.

3�Õ xn Ý`Î, ©m�àÕ xn−1 �Â, .h�m�ÞXb x0, x1, · · ·
ÝÂ1ºì¼. uÎ2à C, FORTRAN, PASCAL, BASIC �{$+�, à
#¶

x = x− f(x)

f ′(x)

Ç�Þæ¼Ý x Âã�W±Ý x Â.

|îX+ÛÝÞËO f(x) = 0 �qÝ]°, | f(x) = x− 0.2 sin x− 0.5

3 [0.5, 1.0] Ýq
»1� bisection method õ Newton’s method ����
y% 8.

ãî��|:� Newton’s method Oÿq�[e>�f´". ¬Î�¥
�, u�Â (Ç x0) óC�	` Newton’s method ���º[e. .h, �
&aP]�P´
��Ý]°Î�à bisection method TÍ��Õ´%�
Ý]°�Oÿq��«Â, �à Newton’s method Oÿ?Þ@Ý�.
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íííááá: x0 =�v3 x0 ��5�Ðó f(x), |CÞ@� ε0 > 0

ííí���: xn ¸ÿ |f(xn)| ≤ ε

]]]°°°:

n = 0;

while |f(xn)| > ε do begin

n = n + 1;

xn = xn−1 −
f(xn−1)

f ′(xn−1)
;

end

Figure 7: Newton’s method

n bisection method Newton’s method
0 0.75 0.5
1 0.625 0.61629718
2 0.5625 0.61546820
3 0.59375 0.61546816
4 0.609375
5 0.6171875
6 0.61328125

...
19 0.61546850

Figure 8: O&aP]�P�qÝ[e>�

6 aaaPPPÐÐÐñññ]]]���PPPÝÝÝ���°°°

×Í n -ÝaPÐñ]�P�|¶W:

a1,1x1 + a1,2x2 + · · ·+ a1,nxn = b1

a2,1x1 + a2,2x2 + · · ·+ a2,nxn = b2

...

an,1x1 + an,2x2 + · · ·+ an,nxn = bn

15



Oÿî�Ðñ]�PÝ]°�×Îà{ú��°, ùÇÞÏ (1) P¶î
− ai,1

a1,1

, ��Ï i P8�. 	 i = 2, 3, . . . , n ���¡, tÝÏ×P�², Í�

&P�Ï×4Ç�
 0,

a1,1x1 + a1,2x2 + · · ·+ a1,nxn = b1

a
′

2,2x2 + · · ·+ a
′

2,nxn = b
′

2

a
′

3,2x2 + · · ·+ a
′

3,nxn = b
′

3

...
...

a
′

n,2x2 + · · ·+ a
′

n,nxn = b
′

n

3îPÝÏÞPÕÏ n P©�â n − 1 Í�ó x2, x3, · · · , xn. Q¡D«T
à|îX1Ý]°, Õh n − 1 ÍaPÐñ]�P. AhÞ¸ÏëPÕÏ n

P�W©b x3, x4, · · · , xn, n− 2 Í�ó. h°D«Tà n− 1 g�¡, �|
ÿÕì��]�P:

a1,1x1 + a1,2x2 + · · ·+ a1,nxn = b1

a
′

2,2x2 + · · ·+ a
′

2,nxn = b
′

2

...

a(n−1)
n,n xn = b(n−1)

n

|î�ÕÄ��, ¬�m�ÞÍÍóÂ××B�ì¼. 
Ý]-R�, &
ÆÞà ai,j ¼ã� a

(k)
i,j . u×àÐñ]�P�;�
î���PJÍO�µ

�W×����Ý�®, ´�O xn �Â
 bn/an,n. O� xn �¡�|ÿÕ
xn−1 �Â


bn−1 − an−1,n · xn

an−1,n−1

. AhD«O� xn, xn−1, · · · , xn−k �¡, �|

Oÿ

xn−k−1 =

bn−k−1 −
n∑

j=n−k

an−k−1,j · xj

an−k−1,n−k−1

ôµÎ1,

xi =

bi −
n∑

j=i+1

ai,j · xj

ai,i

, i = n, n− 1, · · · , 1
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h°Ì�
{ú��° (Gauss elimination) �aPÐñ]�P.


]-R�, �Îp W 
×Í n× (n + 1) �Îp, ÍÂ

a1,1 a1,2 · · · a1,n b1

a2,1 a2,2 · · · a2,n b2
...

. . .
...

an,1 an,2 · · · an,n bn


3�Ï i g{ú��°Ý`Î, m�àÕ aii 	tó. .h aii ��
 0.

uh` aii = 0, JÄm0Õ¨²�
 0�]�P¬�h]�Pøð. 
Ý]
-R�,à×Í nî'� P ¼DÏ iÍ]�PT�w3£�,��à#�ø
ðÝ�®. .hXbÝ i íTà P (i) ¼ã�, »A, aij �W aP (i),j, bi �W
bP (i). % 9 Ý�Õ°àZC¼à�ÝI5\ï���;
à if-then-else,

while ��×�x.
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íííááá: n× n + 1 Îp W = [Ab].

ííí���: n î'� x, ¸ÿ Ax = b.

]]]°°°:

for i = 1, 2, · · · , n do P (i) = i;

for k = 1, 2, · · · , n− 1 do begin

find the smallest j ≥ k such that WP (j),k 6= 0;

if no such j exist, then stop; else exchange the value of P (k) and
P (j);

for i = k + 1, k + 2, · · · , n do begin

m = WP (i),k/WP (k),k;

WP (i),k = m;

for j = k + 1, k + 2, · · · , n + 1 do begin;

WP (i),j = WP (i),j −m ·WP (k),j;

end;

end;

end;

if WP (n),n = 0 then stop;

for i = n, n− 1, · · · , 1 do begin

xi =

bP (i) −
n∑

j=i+1

aP (i),j · xj

aP (i),i

;

end

Figure 9: {ú��°�Ðñ]�P

3|îÝ�Õ°�, àÝ×Ë±Ý�×�x for. 9Í�×�x�|à
while ¼¶. »A: for i = 1, 2, · · · , n do S1; �|;¶W

i = 1;

while i ≤ n do begin S1; i = i + 1 end;

18



!§, for i = n, n− 1, · · · , 1 do S1 end �|;¶W

i = n;

while i ≥ 1 do begin S1; i = i− 1 end;

7 ¨̈̈´́́ÝÝÝ]]]°°°

|îÝ�Õ]°íòóÂ�Õ, Íx�êÝÎ��ÕØÍ�óÝÂ. 3�Õ
^ÝTàî, tÝ�ÕóÂ�², �b×°¥�ÝTàÍXú�Ý¬&Þ@
ÝóÂ�Õ. Í�tð�ÝµÎ¨´õ4�.

�'b n Í.ßÝ£], NÍ.ßÝ£]�â.r, �(, &IWº, �.

N×4£]Kà×Í array ¼;D, N×Í array � Ï i Í�ëX;DÝ£
]Îòy!×Í.ßÝ. �'.rÎ;D3 array A,

var A: array [1..n] of integer;

à.r¼ã�.ßÝWºÝ��]°
3 array A �××´0. 9Í]
°Ì
 sequentail search, Í�Õ°A% 10.

íííááá: .r x.

ííí���: i, ¸ÿ A[i] = x (i = n + 1 �î^b.ßÝ.r
 x).

]]]°°°:

i = 0;

repeat i = i + 1 until (A[i] = x or i = n);

if A[i] 6= x then x = n + 1;

Figure 10: Sequentail search

3|îÝ]°�, NÍ]ºK�¾\ A[i] = x õ i = n, GïÎ�¾�&
ÆX�Ý£]ÎÍ�0ÕÝ, ¡ïÎ�¾�XbÝ£]ÎÍ�0ÅÝ. b×
Í�?Ý]°¼�" sequentail search Ý>�. ´��Þ array Ý;Dè 
w�×Í;D}.
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var A: array [1..n + 1] of integer;

Q¡3¨´�G�Þ x ÝÂw3 A[n + 1]. 9ø��¡, ÄQºb×Í
i, ¸ÿ A[i] = x, .h, 3¨´Ý]º��m�¾\ÎÍºøÄÝ array A

ÝP�Ý. 9Í]°Ì
 sequentail search with sentinel, Í�Õ°A% 11.

íííááá: .r x.

ííí���: i, ¸ÿ A[i] = x (i = n + 1 �î^b.ßÝ.r
 x).

]]]°°°:

i = 0;

A[n + 1] = x;

repeat i = i + 1 until A[i] = x;

Figure 11: sequentail search with sentinel

A�X�ñÝ.ß£]Î¶ï.rã�Õ�4�Ý, ��|'�??Ý
×�Õ°¼0Õ&ÆX�Ý£]. % 12 +Û binary search. Binary search

�f´� Ý£], A�&Æ�0Ý£]f´�, Jìg3î�I0, ÍJ
µ3ì�I0. AhD«
�, àÕ&ÆÝ£]0ÕÝ, TÎX�0ÝP�
�B^b£]Ý
c. 3´0ÝÄ��, &ÆÞ´0ÝP�àËÍ�ó i õ
j ¼�î. ×��, i = 1, j = n, �î&Æ�0ÝP�Î� A[1] Õ A[n]. 3
´0ÝÄ�, i ≤ j �î�b£]^b0�, .h, �´0Õ i > j ���@.

�'b n Í£]. 3t-Ý�µì, sequential search �� n gf´.

Binary search 3Ngf´�¡, �|ÞX�´0Ý£]Íó3�, .h, u
b n Í£], t9©m� blog2 nc+ 1 gÝf´µ�|�@, 	 n ��Ý`
Î, f sequential search �"9Ý.

8 444���ÝÝÝ]]]°°°


Ý��R�, �'�4�ÝÎ n ÍJó a1, a2, . . . , an, ¬v�'9 n Íó
Î;D3×Í×î'� a �/, Ç a[i] ÎD ai Ý2]. 4�Ý]°b�9,

20



íííááá: .r x.

ííí���: i, ¸ÿ A[i] = x (i = n + 1 �î^b.ßÝ.r
 x).

]]]°°°:

i = 1; A[n + 1] = x;

repeat

k = (i + j) div 2;

if x > A[k] then i = k + 1 else j = k − 1;

until (A[k] = x or i > j);

if A[k] = x then i = k else i = n + 1;

Figure 12: binary search

&ÆÞ.êëËÃÍÝ4�Ý]°: æá°, óã°|C">°.

8.1 æææááá444���°°° (Insertion Sort)

æá°X2ãÝ]Pµ	&ÆÔà¸T×ø, ÞsÕÝ±TwáW��4
?ÝT�ÝÊ	�Hî.

3h°�, ×î'� a[1, · · · , n] �|5WËÍI	, a[1, · · · , i] � a[i +

1, · · · , n], Í� a[1, · · · , i] ���4?ÝI	, � a[i + 1, · · · , n] 
$�4�
ÝI	. 3×��` i = 1 , Ç©b a[1] 9ÍI	�4?. (.
 a[1, · · · , 1]

©�â×Í-ô, .hÄQÎ�4?Ý.) � a[2, · · · , n] J
$�4�ÝI
	.

æá°´�Þ$�4��Ï×Í-ôæá a[1, · · · , i] �ÝÊ	�H. A
h� n− 1 g�¡, µ�|ÞJÍ��4��W. Í�Õ°A% 13.

3î�Ý�Õ°�, �Þ x æá a1, a2, · · · , ai �`àÝ×Í�¥�Ý*
». ¨3Þh*»1�Aì: ´� x �õ ai, ai−1, · · · �-ôf´. �'Îã
�Õ�4�, � ai, ai−1, · · · , ai−k í�y x, J ai, ai−1, · · · , ai−k &�?¡É
×Í��. àÕØÍó aj �f x �`
c. 9Í�®Î3ÏÞ·Ý while
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íííááá: n, x1, x2, · · ·xn.

ííí���: x(1) ≤ x(2) ≤ · · · ≤ x(n).

]]]°°°:

for i = 2 to n do begin

x = ai; a0 = x; j = i− 1;

while x < aj do begin

aj+1 = aj; j = j − 1;

end;

aj+1 = x;

end

Figure 13: Insertion Sort

�Æ�Ý. 3Æ�9Í while ]º�G, �|�Þ a[1, · · · , n] 9Í'�?G
�×-ôC a[0], �¯ a[0] �y x �Â. Ah�µ�|�Ä3 while ]º�
?� j ÝÂÎÍº�y 1 Ý, .
3 j = 0 ` a[j] = x Äº¸ x < a[j] �
Wñ. 9Ë*»�|¸/·Ý while ]ºK*×Íf´, �/·Ý]ºÎ�
Æ�t9gÝ]º, Ah×¼, µ�|;6Æ�Ý` Ý.

	Q, ��ËÑ3K-ô f´Ýgó, �¸�P�", µ&�;�Õ°
��. .
 a[1, · · · , i] Î×ð�B4�?ÝI	, .h�|àÞ-¨´°�
0Õ x T�æáÝ�H. Þ-¨´°µÎ��×Í×ÍÝf´, �à#f´
� £Í-ô, u� Ý-ôf x �, Já¼ x T3G�ð. D�, u� 
Ý-ôf x �, J x T3¡�ð. AhD«�, µ	 binary search ×ø.

Ah;
�¡, -ôõ-ô� Xm�Ýf´góµº�»3K, hF
	 n Î��Ý`Îµ©½�½. ¬Îh°XmÉ�-ôÝgó)QÎõæ
¼Ý�P×ø9.

8.2 óóóCCC444���°°° (Selection Sort)

óC°��Î×ËtàÆÝ]°.¸´�� a1, a2, · · · , an�óJt�Ý-ô,
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íííááá: n, x1, x2, · · ·xn.

ííí���: x(1) ≤ x(2) ≤ · · · ≤ x(n).

]]]°°°:

for i = 2 to n do begin

x = ai; l = 1; r = i− 1;

while l ≤ r do begin

m = (l + r)/2;

if x < am then r = m− 1 else l = m + 1 end;

for j = i− 1, i− 2, . . . , l do aj+1 = aj;

al = x;

end

Figure 14: Insertion Sort using Binary Search

Q¡Þh-ô� a1 øð, .h a[1, · · · , 1] Î�B4?ÝI	, � a[2, · · · , n]

JÎ$�4�ÝI	.Q¡��a2, · · · , an �óCt�Ý-ô� a2 øð, A
h a[1, · · · 2] Ç
�4?ÝI	, �a[3, · · · , n] J$�4�. AhD« n − 1

g�¡, JÍó� a1, a2, · · · , an µ4��WÝ. JÍ�Õ°A% 15.

8.3 """>>>444���°°° (Quick Sort)

">°XqAÝæ§Î��ó×-ô x, ;ð9Í-ôÎDw3� Ý-
ô, Ç x = a[n/2]. Q¡Þ a1, a2 · · · an 5WëÍI	: (1) [a1, · · · , aj], (2)

[aj+1, · · · , ai], (3) [ai+1 · · · an], Í�Ï×I	-ô�Âí�yT�y x, ÏÞ
I	-ô�Âí�y x, �ÏëI	-ô�Âí�yT�y x. .
&Æ�
��Õ�4�, .hì×M»©�D«4� [a1 · · · aj] C [ai+1 · · · an] Ç�.

	QuÍ��×I5©�â×Í-ô, £�µ�|�à�4Ý.

	 x ó��¡�A¢5WëÍI	 [a1, · · · , aj], [ai+1, · · · , ai] |C
[ai+1, · · · , an] ¸ÿÏ×I	�-ô�yT�y x, �ÏÞÍI	�-ô
�y x, �ÏëI	�-ô�yT�y x ÷? Í]°Aì: �Ï×Í-ô�
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íííááá: n, x1, x2, · · ·xn.

ííí���: x(1), x(2), · · ·x(n).

]]]°°°:

for i = 1 to n− 1 do begin

k = i; x = ai;

for j = i + 1 to n do begin

if aj < x then k = j; x = aj end;

end;

ak = ai; ai = x;

end

Figure 15: Selection Sort

�, f´ÍÎÍ�y x. uÎ, J9Í-ô�3ÍTòÝI�, uÍ, J�t
¡«Ý×Í-ô��, f´ÍÎÍ�y x. uÎ, J9Í-ô�3ÍT3Ý
I�, uÍ, J0ÕÝËÍ-ô, ×Í�yT�y x, ×Í�yT�y x, �
&�3ÍT3ÝI�. &ÆÇÞ9ËÍ-ôøð. øð�¡, 9ËÍ-ôµ
�w3¸ÆT3ÝI�Ý. AhD«
�, àÕ, �I-ôí�:�`
c,

µ�Þæ¼�-ô a1a2 · · · an 5WëÍI	, ÍGð�yT�y x, ¡ð�
yT�y x, ��ð�y x. JÍ�Õ°A% 16.

î���Õ°�àÕ�
ñ§�
Ý©P, 9Ëñ§]P3 BASIC +
��Î�.&Ý. ¬ÎuÞm�4�ÝI	, D3×Í stack �. ´�Þ
[1, n] Dá, �î�4� a1 · · · an. Nglã stack ÎÍb�4�Ý-ô. u
b, ÇÞÍ� stack J�¼4� (Ç5Wëð). Q¡�lãG¡ð�-ôÎ
Í9y×Í. uÎ, Jhð�m�µ��4�Ý�®, ÞÍîì&DÕ stack.

µ�|�¹D«ñ§�
Ý�®ÝÍ�Õ°A% 17.
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íííááá: n, x1, x2, · · ·xn.

ííí���: x(1) ≤ x(2) ≤ · · · ≤ x(n).

]]]°°°:

procedure qsort(l, r: index);

i = l; j = r;

x = a(l+r)/2;

repeat

while ai < x do i = i + 1 end;

while x < aj do j = j + 1 end;

if i ≤ j then begin

w = ai; ai = aj; aj = w;

i = i + 1; j = j − 1;

end;

until i > j;

if l < j then qsort(l, j);

if i < r then qsort(i, r);

end;

begin

qsort(1,n);

end.

Figure 16: Quick Sort
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íííááá: n, x1, x2, · · ·xn.

ííí���: x(1) ≤ x(2) ≤ · · · ≤ x(n).

]]]°°°:

s = 1; stack[1] = [1, n];

repeat

[l, r] = stack[1]; s = s− 1;

repeat

i = l; j = r; x = a(l+r)/2;

repeat

while ai < x do i = i + 1 end;

while x < aj do j = j + 1 end;

if i ≤ j then

w = ai; ai = aj; aj = w;

i = i + 1; j = j − 1;

end

until i > j;

if i < r then begin

s + 1; stack[s] = [i, r];

end;

r = j;

until l ≥ r;

until s = 0;

Figure 17: Nonrecursive Quick Sort
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